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GEOMETRY ON ALL PRIME THREE MANIFOLDS
ALICE KWON AND DENNIS SULLIVAN
Abstract. The point of this work is to construct geometric structures on the oriented
closed prime three manifolds that don’t at present already have them. One knows these
compound prime three manifolds, have canonically up to deformation from the identity,
incompressible torus walls whose complementary components are diffeomorphic to “ele-
mental” prime three manifolds carrying single Thurston geometries. This metric geometry
is generalized here to Lie geometry meaning an open cover by special coordinate charts in
a model space whose transition mappings are related by one of several finite dimensional
Lie groups acting on the model space. The Lie group is allowed to vary in a constrained
manner from region to region in the manifold. Our geometric version of torus wall crossing
after fixing finitely many parameters is rigid using covering spaces, pushouts, and sliding
flat toroidal cylinders isometrically together.
A new concept, Compound Lie Geometry, describes abstractly what these constructions
produce. These Compound Lie Geometries in our case consist of sheaves of germs of charts
into the upper half space which are related by four Lie groups acting there. It is key that
each germ of the structure can be analytically continued along any path, like solving a
classical ODE in the complex plane. This defines for each Lie Geometrized manifold a
developing map of its universal cover into upper half space.
1. Introduction
Certain prime closed three manifolds, which we call “elemental” primes, are by defini-
tion quotients by discrete subgroups of symmetries of one of the eight Thurston homogeneous
Riemannian geometries. Note that prime in 3D means not a non-trivial connected sum.
These eight 3D geometries naturally divide into three types. There are three of “Hyperbolic
type”: hyperbolic three space, hyperbolic two space cross real line and the universal cover of
the unit tangent bundle of hyperbolic two space. There are three geometries of “Affinely flat
type”: Euclidean three space, Heisenberg geometry, Solv geometry. Lastly, there are two of
“Elliptic type”: the three Sphere and the two Sphere cross real line [2].
The elemental primes of the three“hyperbolic types” and of finite volume can be combined
smoothly according to any graphical pattern with arbitrary torus gluing data. To an exter-
nal half edge of the graph one can also attach a twisted I-bundle over a Klein bottle. which
will have a torus boundary. By these constructions all primes which are not elemental primes
are obtained [1], [2]. We call these manifolds compound primes. The point of the paper
is to construct these compound primes geometrically. Thus we build specific compound
Lie geometries on all of the compound prime closed oriented three manifolds.
To be noted: This paper takes advantage of a century of extremely great work using three
modest points. The great work comprises the achievements of topologists, geometers and
analysts: Poincare´’s groupoid from classical multivalued functions defined by differential
equations and his Conjecture... Seifert fibrations, Van Kampen-Milnor unique connected
sum of three manifolds into primes, Stallings’ fibration over the circle theorem, the Haken-
Waldhausen incompressible submanifold techniques, the canonical JSJ decompositions, the
Scott core... the Geometrization conjecture and proof by Thurston and Hamilton-Perelman.
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The modest points are: firstly, the very simple geometry of the very complicated irregular
covers of the three manifold corresponding to the incompressible torus walls, secondly, the
possibility to geometrically fit together metric Thurston pieces as Lie objects using affine
interpolation between the non compact ends of quotients of the four Lie groups when the
four are engineered into one model space with the ends of linear form, and thirdly, the notion
of a Compound Lie Geometry which conceptually organizes the first two points.
2. Background and Definition of Compound Lie Geometry.
Background:
i) Recall [3], if G is a (finite dimensional) Lie group acting on a model manifold U real
analytically, a (G,U) structure on a manifold M of the same dimension as U is determined
by an open cover of M by coordinate charts in the model space U whose partially defined
transition mappings in U extend globally and uniquely to U being restrictions of elements
of G acting on U . The discussion that follows can also be applied to any group acting real
analytically on the model space U .
ii) The definition can be made concrete and canonical, so that two (G,U) structures agree
if and only if they are equal, by forming the atlas of all charts of M into U which are G
compatible as mentioned above.
iii) Ehresmann (1950)[3] went one step further by passing to the set G of all germs of charts
in U at all of the various points of M of this maximal atlas of charts.
iv) Each chart in the atlas defines a basic open set for a topology on G. This topology
defines G as a sheaf of germs of charts over M whose vertical fibers are acted on freely
and transitively by G. The topology in the G direction is discrete.
v) Each path in M defines a G equivariant map between the fibres over its endpoints. Namely
each path lifts canonically for each germ over the starting point by analytic continuation of
the germ of chart along the path. The germ of chart at the endpoint of the path only
depends on the homotopy class of paths up to continuous deformation fixing the endpoints.
This corresponds to the noteworthy Poincare´ fact that each germ in G can be analytically
continued along any path well defined up to endpoint fixing] homotopy in M and defines
a multivalued function on the manifold. (This phenomenon lead Poincare to define the
fundamental or Poincare´ group as the universal group of substitutions associated to the
situation when defined by ODEs satisfying integrability).
vi) The path components of G are regular or Galois covering spaces of M on which the
multivalued analytic continuation maps into U are well defined. These maps on the path
components of G are the developing mappings of the (G,U) structure on M . These mappings
are equivariant with respect to the holonomy of the Poincare´ path groupoid. The latter is
seen by noting the effect of continuation around closed paths.
Definition 2.1. Compound Lie Geometry
We consider several Lie groups {G} acting real analytically on one model manifold U and de-
fine, based on the background discussion, the notion of a Compound Lie Geometry ({G}, U)
on M . Here is the definition, plus a small discussion and a derived object.
i) Suppose M is covered by open connected regions {R} and each is provided with a (G,U)
structure (as in the Background) from the collection of actions({G}, U).
ii) We can afford for the work here to restrict to cases where only pairs of regions can inter-
sect, there are no triple intersections.
iii) On each such binary intersection V one has, by restriction, from the two regions which
intersect in V , two (sheaves of germs of charts in U) structures, say G and G′. Each one
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consists of path components of germs which are regular covering spaces of V .
iv) (key axiom) Assume there is a third (H,U) structure on V whose germs of charts are
contained in the intersection of G and G′, as subsets of all germs of charts into U . This means
the H action on U lies in the intersection of the G and the G′ actions on U . The (H,U)
structure is termed a reduction of each of the two structures G and G′.
v) Once the regions are specified, the definition is made concrete and canonical in the sense
of the Background discussion, by considering firstly, for each region the set of germs of charts
for that region, secondly, by considering for their respective binary intersections the germs
of charts in U for the minimal (H,U) structure that satisfies the essential axiom iv). One
can check this minimum structure is that defined effectively by the holonomy groupoid of V .
This completes the definition of a Compound Lie Geometry.
Derived Structure: One may also consider the derived or associated (single group, U)
structure on M by forming the group action generated by the set of Lie group actions on
U . Making this structure canonical and concrete is done by saturating the germs at play in
the original definition by the action of the one big group action which is generated. Denote
this action (<{G}>, U). This derived action and structure is useful to check properties of
the developing mappings and defining holonomy. This structure has less information, e.g.
the finite dimensional moduli space of Compound Lie Structures to be mentioned in the
Theorem. The moduli space for this derived structure would tend to be infinite dimensional
if one considered only <{G}> directly. Compare Remark 2.3 below.
Theorem 2.2. Every non-elliptic closed oriented prime three manifold M has a canonical
nonempty finite dimensional moduli space of Compound Lie Geometries defined by four Lie
groups of dimensions (6,6,4,3) acting on the upper half space.
Remark 2.3. Recall (<{G}>,U) denotes the group action on U generated by the four Lie
group actions on U of the construction in the Theorem. The group <{G}> as a set is a
countable union of quotients of finite dimensional real analytic manifolds (words of length
n) by analytic equivalence relations (the group relations).
Remark 2.4. We will use ,back and forth, the canonical real analytic identification between
euclidean three space R3 = {x, y, z} and upper half space U = {x, y, z|z > 0} given by
the log and exp on the (z coordinate) × (the identity of the x and y coordinates). This
transfers the Lie group denoted [A] of dimension 6, acting affinely on R3 [which respects
the R2 × R1 product structure and is measure preserving on each factor] to a subgroup
of affine transformations acting on U . This is one of the four Lie groups acting on U
in the Theorem. Two other Lie groups of the Theorem are PSL(2,C) (of dimension 6)
and PSL(2,R) × R (of dimension 4) act by rational transformations on U . Finally, the
fourth group of the Theorem is the universal cover of PSL(2, R) (of dimension 3) acting by
trigonometric transformations on U .
Proof of Theorem 2.2. We first study the four Lie group actions on U and the toroidal
ends of various discrete subgroup quotients. The conclusion is that for these actions the
Z+Z subgroup corresponding to the possible toroidal ends are conjugate in each of the four
cases to lattices in the group of horizontal translations of upper half space fixing infinity. We
assume this for now. The proof, which is easy to find, except in one case, is contained in
Discussion A.
Step one: We consider, assuming this standard form, an elemental prime of finite volume
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Figure 1. Attaching a flat cylinder to a finite volume Thurston geometry as
a compound Lie geometry
with its (G,U) structure, a toroidal end and its associated flat torus T which is chosen to
have normalized area, possible by Discussion A.
We form a compound geometry using the idea of Figure 1. The T cover arrow in Figure
1 is the covering space associated to the Z + Z subgroup of the manifold coming from the
toroidal end with basepoint on T . Remarkably, the total space of this very complicated
irregular cover is a simple flat manifold, being U mod Z + Z, to be sure after the third
coordinate is stretched out by the log as discussed in Remark 2.5. This flat manifold has
the very simple form T × R. We consider the neighborhood N of the end to the right with
boundary indicated slightly to the left of T× point. This N is the component of the pre-
image of the end in the manifold beyond T containing the canonical point above the base
point.
The slanting arrow is the inclusion of a copy of N into T ×R. The pushout of this diagram
of two arrows is diffeomorphic to the original manifold. The push out manifold inherits the
(G,U) structure of the original manifold on the region R which consists of points to the left
of T plus the reflection of the indicated collar in the upper T × R to the right of T . The
region N inherits by inclusion the flat affine structure .
Denote by V the double collar of T . Then V gets two structures by restriction of those from
R and from N . Each of these contains the (Z+ Z, U) structure on V defined by the lattice
determining the flat torus T . This creates a compound Lie structure on M which attaches
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Figure 2. The affine cylinder incorporating the torus gluing data: the two
flat torii and a class of diffeomorphisms between them.
a half infinite flat cylindrical torus end in place of the original finite volume end. This was
our goal in this first step.
Step two: Consider two flat tori of normalized area, T1 and T2, and a homotopy class
of diffeomorphisms between them. This class is represented by an area preserving affine
mapping denoted A.
We consider, looking at Figure 2, gluing by A the boundary of the left half of T2 × R to
the right half of T1 × R. Actually we glue a symmetric neighborhood of T2 to a symmetric
neighborhood of T1 by the restriction of A× reflection in the third coordinate. The result
is pictured in the lower component of Figure 2. It is a compound Lie geometry with three
regions, left, right and middle, denoted L, R and M , see next paragraph.
The structure on this manifold is generated by the two lattices and the affine conjugacy
flip between them, to be explained now.
The entire group H which these lattices and the flip × A generate is contained in the affine
group [A] of dimension 6 referred to in Remark 2.4 and Discussion A). From the point of
view of [A] the compound Lie geometry constructed can be seen as follows: firstly provide a
standard Torus ×R with the affine structure corresponding to the ( [A], U) action , secondly
divide the Torus ×R into three regions L,R and M as indicated above and thirdly consider
reductions of the [A] structure to the two different lattices respectively at each end L and
R. In the middle M choose the reduction to the structure corresponding to the subgroup H
of [A] generated by these two lattices and the flip conjugacy A× reflection.
One obtains by these reductions a compound Lie geometry on the Torus ×R with given
toroidal cylinders on the two ends glued by any prescribed class of diffeomorphisms between
the tori. This was our goal in step 2).
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Step three: To treat interval bundles over a Klein bottle with a torus boundary, we proceed
as follows: Firstly form a standard T × R. Secondly, construct an orientation preserving
fixed point free affine involution of T ×R, that flips the ends and that keeps one T invariant,
where it reverses the orientation. The quotient by this fixed point free involution will be an
orientable three manifold which is a twisted R-bundle over a Klein bottle with one end and
that end is geometrically the same as one end of T × R. This is the goal of step 3.
Step four: Now we finish the proof of the Theorem assuming the standard form demon-
strated in Appendix A. Take any finite connected graph whose vertices are decorated with
finite volume Thurston primes to be glued with prescribed classes of diffeomorphisms be-
tween toroidal ends. The valence at each vertex corresponds to the number of toroidal ends
of the finite volume manifold at the vertex. The graph may also have some open edges (or
half edges) where twisted R bundles over Klein bottles are waiting.
To each full edge we take note of the two flat tori and the diffeomorphism class of gluing
data and form the Affine object of step two and Figure 2, with which we decorate the edge.
The full edge could be a loop when one is required to combine two toroidal ends of the same
manifold. For the Klein half edges one notes the geometric flat torus to be glued with T of
step 3, the class of gluing required and forms the appropriate Affine object as in step two
and attaches the result to the open (or half) edge.
Now there is for each half edge of the entire graph an identification to perform. But now the
flat tori match exactly and the identification is by the identity on these two copies of the same
torus. We form these identifications by sliding foreshortened half cylinders together rigidly
preserving the geometry. How much sliding one does adds to the list of finite parameters.
This completes the proof of the Theorem after checking Discussion A.
Discussion A)
i) For the affine group of the four Lie groups of the Theorem, after identifying R3 with
upper half space U by the exp of the third coordinate, one sees immediately the Z + Z
subgroups are lattices of horizontal translations fixing infinity. Call these of standard form ,
recalling they depend on a parameter, the classical j-invariant.
ii) For a cuspidal end of an H3 finite volume manifold which when represented as a U
quotient with one lift of the cusp at infinity in U one sees immediately the Z+Z subgroup of
the cusp is of standard form. Now the lattice is somewhat mysterious and general although
arithmetic in an appropriate sense. Note that the induced area of the torus takes on at least
an interval of values (0, c] for c some universal constant. This is convenient and means that
we can choose the height of the lattice in U so that its area is normalized.
iii) For the H2 × R geometry, which acts on U = upper half plane ×R this check is again
immediate that the Z + Z subgroup is of standard form. The shape of the lattice is now
rectangular, with one side length taking on at least an interval of values (0, c′] and the other
of any chosen normalized length. Thus again the area of the torus takes on a universal
interval of values abutting zero which allows us to normalize the area.
iv) For treating the geometry of the universal cover of the unit tangent bundle T3 of H2,
we must work a little and proceed as follows:
a) G = PSL(2,R) acts freely on T3 with one orbit. One can generate from this action, using
paths from base points, an action of the universal cover of G on the universal cover of T3.
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Choose the identity element of G as its base point. Choose the vertical tangent vector at i
in the upper half plane as its base point. Then a path in the group G acts on a path in T3
to define a path action (all paths start from respective base points.) Passing to equivalence
classes of paths (via homotopies fixing endpoints) gives the action of G˜ on T˜3. In each case
the deck group is infinite cyclic and the action is again free with one orbit.
b) Now we identify the universal cover of T3 with upper half space in order to calculate this
action for toroidal end subgroups. By translation of the vertical vector at i we generate a
parallel vector field in the upper half plane. Rotating these vectors by the standard circle
action on a unit tangent bundle creates an identification of T3 with upper half plane × circle.
This also identifies the universal cover of T3 with upper half plane ×R which is upper half
space. It will be useful to think of the point in R as the total turning of a path of vectors
from the vertical one at i to one at some inclination θ at any point p.
c) We want to calculate now the Z + Z subgroup acting on U corresponding to a toroidal
end of a finite volume oriented three manifold quotient S of G˜ by a discrete subgroup. S
will be a Seifert fibration over a hyperbolic orbifold which has at least one cusp [2].
d) The part of S over the cuspidal end is a circle fibration with Poincare´ fundamental group
Z+Z. The Z of the fibre is in the center = deck subgroup of G˜ because it acts as the identity
on the upper half plane (recalling the orbifold quotient of the three manifold.)
A horocycle of the cusp conjugated to be at infinity determines in G a horizontal trans-
lation of the upper half plane. The KAN decomposition of G is : K = a circle subgroup
fixing say i in the upper half plane, A consists of dilations of the upper half plane from say
the origin and N is the group H of horizontal translations of the upper half plane. From
the KAN picture any path starting at e in G and ending at a horizontal translation in H is
homotopic to a straight path in H where at the beginning of the path an integral number of
windings around the circle subgroup K is inserted. Any path in T3 from the vertical vector
at i is determined up to homotopy relative to the endpoints by the total winding of the
vector in H2 and the basepoiont in H2 of the endpoint tangent vector.
We now act by the path in the group G on a path in T3 to a vector at p and observe the
effect. Up to homotopy one can see the total winding is the total winding of the path before
plus the integer number of windings at the beginning in the group path to H. One can see
the endpoint of the new path is a vector based at the image of p by the horizontal translation
of the horocyclic element. This means the action has the linear form desired: the central Z
acts by adding integers in the R direction, the horocycle Z acts by translating horozontally
in the H2 direction plus adding some integer in the R direction.
This finishes the proof in all four cases that the action on U of any toroidal end group
Z+ Z is of standard form, and ends Discussion A. 
.
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